Using dynamical system analysis, we explore the cosmology of theories of order up to eight order of the form f (R, R). The phase space of these cosmology reveals that higher-order terms can have a dramatic influence on the evolution of the cosmology, avoiding the onset of finite time singularities. We also confirm and extend some of results which were obtained in the past for this class of theories.
there exist a conserved quantity H corresponding to time shift invariance. When this quantity is interpreted as a Hamiltonian, by the definition of a suitable Legendre transformation, it can be shown that such Hamiltonian, not being limited from below, leads to the presence of undesirable features of the theory upon quantisation, whereas the classical behaviour, which includes classical cosmology, has no problem. In view of this conclusion higher-order theories, with the notable exception of f (R) gravity, are deemed as unphysical. The most important issue for this work is then, why bother with higher-order gravity? We can give two arguments. The first is that, as mentioned above, the higher-order terms we will consider are terms of a series of corrections arising in a renormalisation procedure. In this perspective, therefore, there is no requirement that the truncated series had the same convergence property of its sum. A typical example is the Taylor series of sin(x). The truncated series is not bound, whereas its full sum is. In the same way the truncation of the original semiclassical model that gives rise to a higher-order theory might be fundamentally flawed on the quantum point of view. The problem only arises if one chooses the complete theory of quantum gravity to be given by a n-order truncation. The second is that a study of the behaviour of the truncation allows an understanding of the interplay between the different terms of the development and in particular if and how the pathologies of the theory at a certain order are changed by the terms of higher-order. This on one hand allows to give statements on the validity of the procedure of renormalisation in quantum field theory in curved spacetime and, on the other hand, it is interesting in the context of the cosmology of fourth-order gravity, as it is known that this class of theories can present a number of issues, i.e., scale factor can evolve towards a singularity at finite time [14] which is independent from the Ostrogradski instability. An analysis of the higher-order theories can therefore shed light on the real nature of these pathologies.
In this paper we will propose a DSA able to give a description of the dynamics of cosmological models based on a subclass of theories of gravity represented by the Lagrangian density L = f (R, R). We will show that the higherorder terms in these theories act in an unexpected way on the cosmology: They can be dominant and prevent the appearance of finite time singularities. The calculations involved in this task are formidable so we will give the full expression only when strictly necessary.
The paper is organised as follows. In Section II, we give the general form of the field equations. In Section III, we construct a general formalism for theories of order six and we consider two specific examples. Section IV, we compare directly sixth order and fourth order theories. In Section V, the DSA formalism for theories of order eight is set up together with other three examples. In Section VI, we conclude.
II. BASIC EQUATIONS
The general action for a relativistic theory of gravity of order six is given by [5, 6] 
where g is the metric determinant of the metric g µν , f is a generic function of the Ricci scalar R and of its d'Alembertian R, and L m is the standard matter Lagrangian. This theory is in general of order eight in the derivative of the metric. Since we consider the boundary terms as irrelevant, integrating by parts leads to a series of relevant properties in the theory above. First, it is important to note that, not differently from the case of the Einstein-Hilbert action, if f is linear in R the theory is only of order six. In fact, any non linear term in R appearing in f can always be recast as a higher-order term. Thus, for example, ( R) 2 can be written as
Thus, terms of the type ( R) n can be converted into terms of the form R n R. In general, therefore, the class of theories of gravity with Lagrangian
where the a i are functions of the Ricci scalar, will have the same equations of motion of a theory whose action contains terms of higher order like, e.g., R n n R. In this sense the analysis given in the following will extend also to this specific class of theories. In the following we will start describing the general theory and then, using the considerations above, we will present explicitly a dynamical systems formalism for Lagrangians of the type of Eq. (3).
Variation of Eq. (3) upon the metric tensor gives the gravitational field equations
where T µν is the standard stress energy tensor and
We assume a Friedmann-Lemaître-Robertson-Walker metric with an expansion factor denoted by a(t) and spatial curvature k = −1, 0.1, and further assume the matter component to be an isotropic perfect fluid, i.e., T b a = (−µ, p, p, p), where µ is the energy density and p is the pressure of the fluid. The cosmological equations are then usually written as
where
is the Hubble parameter, a dot˙denotes a derivative with respect to time, and
With an abuse of terminology, we will sometimes refer to Eq. (6) as the Friedmann equation and to Eq. (7) as the Raychaudhuri equation. We introduce now the logarithmic time
where a 0 is a constant with units of length that represents the value of the scale factor at the initial time t = t 0 . We also define a set of seven parameters as
N represent the ith-derivative of H with respect to N . One can write the above equations in terms of these variables, but this is a long and rather tedious exercise which does not really add anything to the understanding of the problem. For this reason we will not show them here, giving directly the equations in terms of the dynamical variables in the following sections.
III. DYNAMICAL SYSTEM APPROACH FOR THE SIXTH-ORDER CASE

A. The basic equations
Let us start looking at the sixth-order case, i.e., n = 1. Recalling the argument of the previous section, all theories of order six that have the form f (R, R) can be written without loss of generality as
where f 1 and f 2 are in general different functions of R. Eq. (12) has the immediate consequence that s 3 and s 4 are not present in the cosmological equations and the analysis of this classes of modes is greatly simplified.
In order to apply the scheme presented in Ref. [14] the action will need to be written in a dimensionless way. We introduce therefore the constant R 0 , with R 0 > 0, which has dimension of the inverse of a length squared and we will consider the function f of the type f = R 0f (R −1 0 R, R −2 0 R), for some functionf . This implies the definition of an auxiliary dynamical variable related to R 0 . We then define the set of dynamical variables
Note that in the above setting A and Ω are defined positive so that all fixed points with A < 0 or Ω < 0 should be excluded. The Jacobian of this variable definition reads
which implies that the variables are always regular if H = 0 and a = 0.
The requirement to have a closed system of equations demands the introduction of the auxiliary quantities
where the prime represents the derivative with respect to the Ricci scalar R. The dynamical equations can be written as
To eliminate the equations for S 1 , Q, S we have implemented in the equations above the Friedmann equation, Eq. (6), and the following constraints coming from the definition of R and R in Eqs. (9):
As mentioned in the Introduction, for the sake of simplicity, we do not report here the full cosmological equations in terms of the variables in Eq. (11) . They are very long and their full form does not add much to the understanding of the derivation of the fixed points and their properties. The reader can find some examples of the full form of these equations in the Appendix A. The solutions associated to the fixed points can be derived writing Raychaudhuri equation, Eq. (7), in terms of the variables given in Eq. (11) and solving for s 2 . Since Eq. (7) is linear in s 2 via the termG, this does not present any problem. From the definition of s 2 , in a fixed point we can write
where here, and in the following, the asterisk * indicates the value of a variable in a fixed point. The characteristic polynomial of Eq. (18) has one real and two pairs of complex roots. Hence, we can write an exact solution for H(N ):
where p = − 5 s * 2 , H i andH i are integration constants and a i and b i are given by
i.e. are connected with the fifth root of unity. We are obviously interested in real solutions, which can be derived by a suitable redefinition of the integration constants. The solutions above are oscillating, however they do not correspond to oscillating scale factors. Indeed the scale factor is given by the equatioṅ
which can be solved numerically. Notice that this solution, like Eq. (19) is parameterised only by the quantity p and therefore s * 2 . In the following we will characterise these solutions only by the value of s * 2 . In the case s * 2 = 0 the equation to solve isṄ
which in terms of a readsȧ
Eq. (22) can be solved by separation of variables and it has a solution that depends on the roots of the polynomial in N on the right hand side. In particular, the scale factor can have a finite time singularity if any of the roots of the polynomial are complex, otherwise it evolves asymptotically towards a constant value of the scale factor, i.e., a static universe. Therefore, a fixed point with s 2 = 0, will correspond to one of these two cosmic histories depending on the value of the constants H i . Considering that the solution given in Eq. (23) can be viewed as an approximation of the general integral of the cosmology, then the values of the constants H i should match the initial conditions of the orbit. This implies that the solution in the fixed point will depend on the initial condition of the orbit that reaches it. In Fig. 1 we show time dependence of the scale factor corresponding to this point. In the following we will examine two specific examples. The first one will show the phase space of a theory in which only sixth-order terms are present other than the Einstein-Hilbert one. This example will clarify the action of these terms. The second one will contain also fourth-order terms, so that the interaction between sixth and fourth-order corrections can be observed explicitly. In this case only the Einstein-Hilbert plus sixth-order terms are present in the theory. It is an interesting example as it clarifies the interplay between these terms. In this case the action can be written as
which implies
0 R. Then the only non-zero auxiliary quantities in Eq. (15) are
and the Friedmann and Raychaudhuri equations, Eqs. (6) and (7) respectively, can be found in Eq. (A1) of Appendix A.
The dynamical system in Eq. (16) becomes
The system presents three invariant submanifolds Ω = 0, K = 0 and A = 0, therefore only points that belong to all of these three submanifolds can be true global attractors. The fixed points of the system can be found in Table I , together with their associated solutions which are represented graphically in Fig. 2 . Point C has a solution of the type described by Eq. (23) and as such can indicate the occurrence of a finite time singularity. Table I :
0 R R and the parameter s 2 that characterise its solution. Here A stays for attractor, S for saddle, NHR for non hyperbolic repeller, NHS for non hyperbolic saddle.
The stability of fixed points B for w = 1/3, I 1 and I 2 , can be deduced by the Hartmann-Grobmann theorem and it is also shown in Table I . Points B and I 1 are unstable, but I 2 is an attractor. Indeed this point is a global attractor for the cosmology as it lays on the intersection of the three invariant submanifolds of the phase space. The remaining points A, B for w = 1/3, and C, are non hyperbolic, as they have a zero eigenvalue. Their stability can be analysed via the central manifold theorem [32] . For point A, for example, defining the variables
and expressing the dynamical equations in the new variables, the equation of the center manifold x = h(y) is given by the system of equations
where the vector x has components x = {x 1 , x 2 , x 3 , x 4 , x 5 }. Solving the above system per series at third-order, i.e., setting
gives the solutions
Note that the center manifold coincides with the center space for the variables x 3 and x 5 . The equation for the central manifold is
Using the Shoshitaishvili theorem we can conclude that the stability of A is a complex combination of saddle nodes in each planes (x i , y) with i = 3, 5 and the center spaces for x 3 and x 5 . Looking at the coefficients of a 2 we can conclude that this point is in general unstable. We can apply the same procedure to the other non-hyperbolic points. However, we can also evaluate the character of these points in a faster way. In fact, point A has eigenvalues {4, −2, 2, 2, 0, −(1 + 3w)}, i.e., with alternate signs. Therefore, regardless of the behaviour of the central manifold, this point is in fact always a saddle. This implies that in some cases we can evaluate the stability of a non hyperbolic fixed point without analysing in detail the central manifold. Clearly this is insufficient if the aim is to characterise the exact behaviour of the flow in the phase space. However, since we are mainly interested in the attractors in the phase space, such less precise analysis will be sufficient here.
In this case the Einstein-Hilbert plus fourth-and sixth-order correction terms are present in the theory and the interaction between them can be appreciated. Consider then the action
which implies f 1 = R 0 R + αR 
and the cosmological equations can be decoupled to give an explicit equation for S 1 and S 2 . These are given in Eq. (A2) of Appendix A. The dynamical system Eq. (16) becomes
The system above presents the same invariant submanifolds of Eq. (26) and therefore we can draw the same conclusions for the existence of global attractors. Table II summarises the fixed points for this system with the associated solution and their stability. All the solutions associated to the fixed points are characterised by s 2 = 0 with the exception of C which is characterised by the solution Eq. (23). 
0 R R and their associated solutions. Here A stays for attractor, R for repeller, S for saddle, NHS for non hyperbolic saddle . The quantities R * i are the solutions ofEq. (35).
Point Coordinates
Solution Existence/ Stability {R, B, J, Ω, K, A} parameter s2 Phsyical
Some of the fixed points exist only for specific values of the parameters α and γ. For example, the existence of C requires α > 0 and more complex conditions hold for the points H i whose coordinates are determined by the equation
In Fig. 3 we plot the region of existence of these points. With the exception of point A all the other fixed points are hyperbolic, although their stability depends on the parameters α and γ. This complex dependence makes very complicated to make general statements on the stability of points H i . We can conclude however that one of these points H 3 is always a saddle. As in the previous case, the stability of point A can be determined by the analysis of the central manifold. However, from the sign of the other eigenvalues, we can conclude that the point is unstable. In Figs. 4 and 5 we also plot the stability, see Table II . 
IV. SIXTH ORDER TERMS VS. FOURTH ORDER TERMS
It is useful to compare the results that we have obtained so far with an analysis of fourth order models made with the same approach (see also Ref. [14] for an equivalent, but slightly different choice of some of the dynamical variables). For simplicity we will consider here a fourth order theory of the form f = R + αR q . For this choice of f the cosmological equations read
Defining the variables
which are a subset of the variable in Eq. (13), the cosmological equations can be written as
with the constraints
The solutions associated to the fixed points can be obtained from the equation
where s is defined in Eq. (11) and its expression in the fixed point can be deduced by the second of Eqs. (36) as we have done for the higher order case. As in the previous sections the solution can be given in general noting that the characteristic polynomial for this equation has one real root and a pair of complex roots. Hence, we can write an exact solution for H(N ):
where p = − 3 √ s * , H andH are integration constants. Naturally for s * = 0 we have the usual equation for the scale factorȧ
The fixed points for the system in Eq. (38) with their stability is presented in Table III . 
Let us now repeat the same analysis for a theory that contains the fourth order term considered above plus a sixth order term. Consider then the action
As before the cosmological equations can be decoupled to give an explicit equation for S 1 and S 2 and one can construct the dynamical system equations to have:
In Table IV we give the fixed points and their stability. Although fundamentally different the two phase spaces present some similarities. Points A, B and C have exactly the same coordinates. In Points E and Point D, instead, the relation among the values of some of the coordinates is 
0 R R and their associated solutions. Here A stays for attractor, R for repeller, NHS for non hyperbolic saddle. The quantities R * i are the solutions of Eq. (35). We assume {α, γ} = 0 and q = 1.
Point Coordinates
, 0, 4, 0, 0, 0} s2 = −32 always R for w < 1/3 S for w > 1/3 the same as the one of Points H. The difference in the coordinates of these points is probably due to the additional contributions generated in the gravitational field equations by the R R correction. As one could expect, the same additional terms can change the stability of all the fixed points.
For our purposes, the most important result of this comparative analysis is the fact that both the phase spaces present the fixed point C. As we have seen, such point is characterised by the vanishing of the quantity associated to both s = 0 and s 2 = 0, and it can represent a solution with a finite time singularity. Looking at Table III we see that the fourth order theory point C for 32/25 < q < 2 is an attractor. However, in the sixth order theory, it is possible to prove numerically that in the interval 32/25 < q < 2 the point C is always unstable, see Fig. 6 . Therefore we can say that the introduction of the sixth order terms prevents the cosmology to evolve towards C. Effectively, this amounts to "curing" the pathology of the fourth order model as the sixth order terms prevents the occurrence of a finite time singularity. In this sense, we can say that, as the time asymptotic state of sixth order cosmologies is never singular, these models are more "stable" with respect to the appearance of singularities. When we will consider eight order corrections, we will use in the results obtained in this section to reach the same conclusion. 
V. GOING BEYOND SIXTH-ORDER A. The basic equations
Let us start extending the set of variables used in the previous section, i.e.,
The Jacobian of this variable definition reads
which implies that, as in the sixth-order case, the variables are always regular if H = 0 and a = 0.
The requirement to have a closed systems of equations implies the introduction of the auxiliary quantities,
where, for simplicity, we indicate with f
R, R the i-th R-derivative and the j-th R-derivative of f . The cosmological dynamics can be described by the autonomous system
where S 4 = s 4 . As before, the system above is completed by three constraints: the one coming from the modified Friedmann equation, Eq. (6), and the ones in Eq. (17) . We choose to use these constraints to eliminate Q, S, and S 3 . The variable S 4 instead, can substituted using the modified Raychaudhuri equation. In Eq. (50) these variables are not substituted explicitly in order to give a more compact representation of the system. The substitution of S 3 and S 4 also brings in the system the parameters given in Eqs. (48) and (49).
In the same way of Sec. III A, the solutions associated to the fixed points can be found by solving the differential equation
where s * 4 is provided by the modified Raychaudhuri equation, Eq. (7). Equation (51) can be shown to give a result structurally similar to the one of the previous section. The characteristic polynomial of Eq. (18) has one real and three pairs of complex roots. This leads to the exact solution
where p = − 7 s * 4 , H i andH i are integration constants and a i and b i are the real and imaginary part of the seventh root of the unity. These quantities are expressed by the relation
where r is the solution of the algebraic equation r 3 + r 2 − 2r − 1 = 0. The scale factor is given by the equatioṅ
which can be solved numerically. As before, H and a are parameterised only by the quantity p i.e. s * 4 . In the following we will characterise these solutions only by the value of s * 4 . If s * 4 = 0 then Eq. (51) can be written asṄ
and the existence of a finite time singularity is only possible if the polynomial on the left hand side has complex roots.
In Fig. 7 we show the time dependence of the scale factor corresponding to fixed points with s * 4 = 0. We will consider now three examples of theories of order eight. As in the previous section we will first examine a model in which the Hilbert-Einstein term appears together with a contribution of order eight. In the second we will introduce a fourth order terms in order to explore the interaction of the eight-order terms with the fourth-order ones. Finally in the third awe will explore a theory in which the Hilbert-Einstein appears together with fourth, sixth and eight orders. 
Here we examine a model in which the only new contribution comes from a term of order eight. The action for this theory can be written as 
Point Coordinates {R, B, J, S1, S2, K, Ω, A} Solution Existence Stability
For this theory the only non zero auxiliary quantities in Eq. (15) are
The cosmological equations can be decoupled to give explicit equations for S 3 and S 4 , which can be found in Eq. (A3) of Appendix A. The dynamical system Eq. (50) then becomes
where the full equation for S 2 is only shown in its structure due to it length. Its full expression can be found in Appendix A. The system above presents the invariant submanifolds (A = 0, Ω = 0, K = 0) and therefore no global attractor with coordinates different from A = 0, Ω = 0, K = 0 can exist. Table V summarises the fixed points for this system with the associated solution and their stability. The system presents a line of fixed points, all unstable, and a global Fig. 8 we give, as an example, a plot of the solution associated to I 2 . Points A and C are non hyperbolic, the latter having two zero eigenvalues, but they can be both considered unstable. A detailed treatment of the stability of C would require blow up techniques. We refer the reader to Ref. [33] for more information on this topic. 
The integration constants have been chosen to be one.
Here we consider the case in which both eight-order and fourth-order terms are present. The action for this theory can be written as
For this theory the only non zero auxiliary quantities in Eq. (15) are X (A, R, B) = 6 R + 6γB
As before, the cosmological equations can be decoupled to give an explicit equation for S 3 and another for S 4 . However, we will not show them here due to their size.
The dynamical system Eq. (50) is now
where the full equation for S 2 is only shown in its structure due to its length. Its full expression can be found in Appendix A. This system presents analogies with the ones of the previous examples. The invariant submanifolds present in these cases are also A = 0, Ω = 0, K = 0 and therefore the only possible type global attractor must lay on the intersection of these coordinates. The fixed point with their stability and the parameter s 4 that characterise the solution is given in Table VI . The coordinates of the point H i are determined by the solution of the equation
One of these points is an attractor for specific values of α and γ, see Table VI . In the other cases no attractor can be found in the finite phase space.
We consider now an example in which fourth, sixth and eight order corrections appear in the action. For the fourth order term we consider a correction of the type αR 4 to reduce the number of the parameters involved in the analysis. For this theory the only non zero auxiliary quantities in Eq. (15) are
As before, the cosmological equations can be decoupled to give an explicit equation for S 3 and another for S 4 . However, we will not show them here due to their size. Fixed points of f (R, R) = R + αR q + γ( R) 2 and their associated solutions. Here A stands for Attractor, Re stands for Repeller, S stands for saddle, and NHS for non-hyperbolic saddle. We also assume α, γ = 0.
The index "i" of the points H i runs from 1 to 5. The value of R * i are the roots of the Eq. (62).
One A for α γ 0.011
where the full equation for S 2 is only shown in its structure due to its length. The full expression can be easily calculated and does not add anything to the understanding of the properties of the dynamical system. The system in Eq. (64) presents the usual invariant submanifolds A = 0, Ω = 0, K = 0. The fixed points with their stability and the parameter s 4 that characterise the solution is given in Table VII. Table VII : Fixed points of f = R + αR 4 + βR R + γ( R) 2 and their associated solutions. Here A stands for attracotr, R stands for repeller, S stands for saddle, and NHS for non-hyperbolic saddle. The index "i" of the points 
The dynamics of this case is very similar to the one of the previous case, with the difference that the line of fixed points is not present. The only possible attractor is given by one of the points H i whereas all the other points are unstable.
VI. ANALYSIS OF THE RESULTS
The structure of the phase space has similarities in all of the particular cases studied. For example, all of those cases feature a fixed point which is a past attractor, that we denoted as point B. This point is not a global feature of the phase space, as it does not lay in the intersection of all the invariant submanifolds. Also, fixed points A and C exist in all the cases studied and they are always unstable.
Concerning the attractors of the theory, we find that for the model of Section III B 1 there exists one global attractor, point I 2 . Point I 2 is characterised by B = 0, i.e., it represents a state in which the higher-order terms R of the theory are dominant. This is an unexpected result, as it is normally assumed that these terms to be less and less important as the curvature becomes smaller and smaller. The fact that I 2 is an attractor seems to indicate that instead the cosmology of these theories tends to a state with B = 0. Such a state is represented by a solution in which the scale factor converges to a constant value asymptotically. The theory contains a fixed point which can represent a solution with a finite time singularity C, but this point is always unstable. Since the approach to such solution is very common in theories of fourth order of the form f (R), (but also in f (G) theories), this results suggests that six order theories of this type do not incur in these singularities, because the phase space orbits do not converge to fixed points which represent them.
In Section III B 2 we have put at test the robustness of the previous result considering a theory which contains a fourth order term on top of the sixth order one. We have that even in this case in the action the time asymptotic phase space is characterised by a B = 0 and therefore to a static universe, while the fixed point C is unstable. This is an interesting phenomenon as in Ref. [14] it was shown that points of the type C are very often attractors in the phase space for fourth order models. This result suggest that higher order terms might "cure" the pathologies induced by the fourth order ones.
In Section IV we have given an explicit analysis of this possibility. In particular, we have shown that the same fixed point C appears in the phase space for the theory f = R + αR q and f = R + αR q + γR R. For the values of the parameter q for which C is an attractor the fourth order model, the same point is unstable (saddle). This indicates that the inclusion of sixth order terms is able to prevent the onset of a singularity that would otherwise plague its fourth order counterpart. In this sense, the sixth-order theory seems to be "more stable". The final state of the cosmology, however, depends on the value of q. In the specific case q = 3 this endpoint is represented by one of the points H. However this is not true for all values of q, as the points H i do not exist for q = 3. In this case the final state of the cosmology is probably a point in the asymptotic part of the phase space which we have not explored here. Clearly we have considered here only a particular example and therefore we cannot prove that this behavior is general. However, the fact that any fourth order model analysed in Ref. [14] presents one or more points of the type C and that we always expect a change in stability of the corresponding sixth order theory, suggests that we are reporting here a general phenomenon.
The phase space structure is basically the same when one introduces eight order terms. When these terms are added directly to the Hilbert-Einstein Lagrangian the attractor of the new theory is a static cosmology which corresponds to the dominance of the eight order terms. When also fourth order terms are introduced, we observe the same phenomenon observed in the case of sixth order actions: the potentially pathological fixed point that is present in the fourth order gravity phase space becomes unstable for every value of the parameters. We conclude therefore that, like for sixth order terms, also the inclusion eight order therms is able to avoid the onset of singularities. We also considered a model in which fourth, sixth and eight order terms are present in order to estimate their comparative effect. However, in the formalism we have chosen six and eight-order are indistinguishable. A different set of variables might resolve this degeneracy, but its determination and use is left for a future work.
VII. CONCLUSIONS
In this paper we have applied dynamical systems techniques to analyse the structure of the phase space of f (R, R) gravity. Our choice of dynamical variables allows us to study the cosmology of this entire class of theories by means of a phase space which has at most dimension eight. We have then considered some examples of theories of order six and eight designed specifically to highlight the influence that higher-than-fourth order terms have on the cosmological evolution. We found that there is complex interplay between terms of different order which make the time asymptotic behavior of these cosmological model non trivial and not easily deducible from their lower order counterpart. Remarkably, we found that higher order terms can profoundly modify the behavior of the cosmology, preventing, for example the occurrence of singularities which are known to be induced by the lower order terms [14] .
Connecting our results with the ones available in literature, we can state that our analysis confirms the result of the absence of a double inflationary phase in theories of order six in full accord with the results of Refs. [4, 5] . Indeed, we are able to extend this conclusion also to theories of order eight. This might indicate that no theory of the type f (R, R) is indeed able to generate multiple inflationary phases in spite of their multiple scalar field representation. Further work on these might be able to confirm this hypothesis.
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